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SYSTEMS CONTAINING A LARGE NUMEER OF ELEMENTS 

by V. I .  S i f o r o v  

(Moscow) 

The sys tems c u r r e n t l y  i n  wide use c o n t a i n  a l a r g e  number of  e l e m e n t s ,  

and t h e  damage t o  one o f  them a f f e c t s  t h e  per formance  of t h e  e n t i r e  sys- 

tem. 

A t y p i c a l  example of t h i s  t y p e  o f  sys tem is a r a d i o  r e l a y  sys t em 

c o n t a i n i n g  a l a r g e  number of i n t e r m e d i a t e  s t a t i o n s ,  each  of which i n  t u r n  

c o n s i s t s  o f  a l a r g e  number o f  e l e c t r o n  t u b e s  a n d  o t h e r  parts- 

To c a l c u l a t e  t h e  r e l i a b i l i t y  of s u c h  compl i ca t ed  sys t ems  w i t h  g iven  

c h a r a c t e r i s t i c s  of t h e i r  i n d i v i d u a l  e l e m e n t s ,  such  as t h e  t u b e s  for exam- 

p l e ,  we must know t h e  q u a n t i t a t i v e  r a t i o  between t h e  p r o b a b i l i t y  o f  damage 

t o  t h e  e n t i r e  sys t em and t h e  prs”ubl= c?.lma_,ae t o  i t s  i n d i v i d u a l  e l e m e n t s .  

The purpose of t h i s  a r t i c l e  i s  t o  f i n d  s u c h  a q u a n t i t a t i v e  r a t i o  a n d  

use i t  as a b a s i s  for t h e  methods of c a l c u l a t i n g  t h e  r e l i a b i l i t y  o f  s y s -  

tems c o n t a i n i n g  a l a r g e  number o f  e l emen t s .  

3.. G e n e r a l  ra t ios  between the  p r o b a b i l i t i e s  of  dmage t o  t h e  sys t em 

and t o  i ts  e l e m e n t s ,  L e t  t h e  b l o c k  diagram of a system consist of  a l a r g e  

number n of e lemen t s  A1, .,., An (Fig. 1). 

b i l i t y  of their damage d u r i n g  t h e  t ime T as p, ,. . . , p,, r e s p e c t i v e l y .  

We s h a l l  d e s i g n a t e  t h e  proba-  

Each o f  t h e s e  

A il 

p r o b a b i l i t i e s  i s  a f u n c t i o n  o f  T. 

I 

F ig.  1 
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b- 
The e v e n t  i n  which any e lement  Ak of  t h e  sys tem w i l l  f u n c t i o n  nor -  

mal ly  i n  t h e  p e r i o d  of  t ime T is t h e  d i r e c t  o p p o s i t e  o f  t h e  e v e n t  in 

which t h a t  e lement  w i l l  b e  damaged d u r i n g  t h e  same p e r i o d  o f  time. The 

p r o b a b i l i t y  o f  t h e  normal o p e r a t i o n  o f  e lement  Ak d u r i n g  t h e  time T w i l l  

t h e r e f o r e  b e  e q u a l  t o  1 - pk. 

The p r o b a b i l i t y  that all t h e  n e l emen t6  of  t h e  system w i l l  b e  o p e r a t -  

i n g  no rma l ly  d u r i n g  t h e  t ime T w i l l ,  a c c o r d i n g  t o  t h e  theorem of t h e  m u l -  

t i p l i c a t i o n  o f  p r o b a b i l i t i e s ,  be  e q u a l  t o  

(1 - P J ( 1  - PP> * - (1 - P,) 

n and t h e  p r o b a b i l i t y  o f  damage to a t  l e a s t  one of t h e  e l e m e n t s  A1, ..., A 
w i l l  be 

(1.1) ? / = ~ - ( l - p J ( l - P * ) .  . . ( l - p p , )  

S i n c e  t h e  damage t o  one o r  s e v e r a l  e l e m e n t s  w i l l  d i s r u p t  t h e  normal  

o p e r a t i o n  o f  t h e  e n t i r e  sys t em,  t h e  magnitude y r e p r e s e n t s  t h e  damage 

p r o b a b i l i t y  o f  t h e  e n t i r e  system. 

Formula (1.1) combines t h e  damage p r o b a b i l i t y  of t h e  e n t i r e  sys tem 

w i t h  t h a t  of i t s  i n d i v i d u a l  e lements .  

I n  p a r t i c u l a r  c a s e s ,  when a l l  

same, fo rmula  (1.1) w i l l  l o o k  l i k e  
'1 = 

t h e  e l e m e n t s  o f  t h e  sys tem a r e  t h e  

(1.2) 

o r ,  i n  t h e  case of  f a i r l y  l a r g e  n ( n s l >  v a l u e s  and n o t  very  large p ( n p G 1 )  

v a l u e s ,  

A s  i n d i c a t e d i n  fo rmula  (l.l), t h e  f o l l o w i n g  c o n d i t i o n s  must be  f u l -  

f i l l e d  i n  o r d e r  to keep t h e  p r o b a b i l i t y  of  damage t o  t h e  e n t i r e  sys t em y 

f a i r l y  small ( l e s s  t h a n  0.01, f o r  example) :  

P I  e: 1, p* << 1,. . . , p;' 1 
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K i t h  t h e s e  c o n d i t i o n s  f u l f i l l e d ,  formula (1.1) may b e  r e p r e s e n t e d  

as f o l l o w s :  

y = 1 - [ I  - (PI 4- p2 + - e  'T 11,) 4 - 1 

o r  

t h a t  i s  when the p r o b a b i l i t y  of damage t o  a l l  t h e  e l emen t s  o f  t h e  sys t em 

i s  small ,  t h e  p r o b a b i l i t y  of  damage t o  t h e  e n t i r e  sys tem d u r i n g  time T 

is approx ima te ly  e q u a l  t o  t h e  sum of t h e  damage p r o b a b i l i t i e s  of i ts  ele- 

ments  d u r i n g  t h e  same p e r i o d  of t ime T. 

I n  p a r t i c u l a r  c a s e s ,  when a l l  t h e  e l emen t s  of t h e  sys t em a re  t h e  

same, fornula (1.4) w i l l  look l i k e  t h i s :  

Y=nP 

i n  which case pcd 1, np(< 1, a n d  n may r e p r e s e n t  a n y  b u t  n o t  n e c e s s a r i l y  

l a r g e  v a l u e .  

of a sys t em c o n s i s t i n g  o f  a large number o f  e l e m e n t s  r e q u i r e s  a very  h igh  

l e v e l  o f  o p e r a t i o n a l  r e l i a b i l i t y  on t h e  p a r t  o f  a l l  i t s  e lements .  For 

example,  assuming t h e  damage p r o b a b i l i t y  o f  t h e  e n t i r e  system t o  be  y = 

0.01 and  t h e  number o f  e l e m e n t s  n s 100, t h e  dmage p r o b a b i l i t y  o f  e e s h  

e l emen t  w i l l  b e  p = 10 . hence  i t  f o l l o w s  t h a t  t u b e s  d e s i g n e d  f o r  use -4 

i n  major r a d i o  r e l a y  sys t ems  must b e  up t o  ve ry  r i g i d  s t a n d a r d s ;  i n  any  

case, t h e  p r o b a b i l i t y  o f  each  i n d i v i d u a l  t u b e  g e t t i n g  o u t  of commission 

d u r i n g  a g i v e n  p e r i o d  of  o p e r a t i o n  s h o u l d  n o t  exceed  10 . -4 
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2. The d u r a t i o n  o f  t h e  s y s t e m ' s  o p e r a t i o n  w i t h o u t  damaRe. L e t  us 

f i n d  t h e  q u a n t i t a t i v e  r a t io  r e q u i r e d  f o r  c a l c u l a t i n g  t h e  t i m e  of t h e  

s y s t e m ' s  o p e r a t i o n  wi thout  damage on t h e  assumpt ion  t h a t  w e  know t h e  l a w  

o f  p r o b a b i l i t y  g o v e r n i n g  t h e  e f f i c i e n t  o p e r a t i o n  o f  e a c h  e lement .  

We s h a l l  d e s i g n a t e  as q(T) t h e  d i s t r i b u t i o n  d e n s i t y  o f  t h e  p r o b a b l e  

p e r i o d s  o f  e f f i c i e n t  o p e r a t i o n  of  t h e  s y s t e m ' s  e lement  (F ig .  2). Then 

t h e  p r o b a b i l i t y  t h a t  t h e  p e r i o d  of  u n i n t e r r u p t e d  o p e r a t i o n  o f  a n  element 

i s  found between T a n d  T + dT w i l l  b e  e q u a l  t o  q(T)dT; t h a t  p r o b a b i l i t y  

i s  g r a p h i c a l l y  r e p r e s e n t e d  b y  t h e  d o t t e d  a r e a  i n  F ig .  2. 

The p r o b a b i l i t y  t h a t  t h e  p e r i o d  o f  u n i n t e r r u p t e d  o p e r a t i o n  o f  a n  

e lement  i n  t h e  sys tem w i l l  b e  found somewhere between z e r o  a n d  T o r  t h e  

p r o b a b i l i t y  of  damage t o  o n e  element o f  t h e  sys tem d u r i n g  t i m e  T ,  which 

i s  t h e  same, w i l l  b e  e x p r e s s e d  by t h e  f o l l o w i n g  i n t e g r a l  
T 

. = 1 o m  d3' 
u 

Assuming t h a t  t h e  law o f  p r o b a b i l i t y  g o v e r n i n g  t h e  d i s t r i b u t i o n  of 

t h e  p e r i o d s  o f  e f f i c i e n t  o p e r a t i o n  o f  e a c h  e lement  of t h e  sys tem q(T) i s  

normal ,  we w i l l  have 

where T i s  t h e  d u r a t i o n  o f  u n i n t e r r u p t e d  o p e r a t i o n  o f  an e lement  i n  t h e  

s y s t e m ,  T t h e  mathemat ica l  expectancy o f  u n i n t e r r u p t e d  o p e r a t i o n  o f  an 

e l e m e n t  i n  t h e  system ( t h e  a v e r a g e  s e r v i c e  l i f e  o f  t h e  e l e m e n t ) ,  a n d  d 

t h e  time v a r i a b i l i t y  of  t h e  e f f i c i e n t  o p e r a t i o n  o f  a n  element  ( t h e  a v e r -  

age v a l u e  o f  t h e  s q u a r e  o f  t h e  d e v i a t i o n  o f  t h e  e l e m e n t ' s  s e r v i c e  l i f e  

from i t s  a v e r a g e  s e r v i c e  l i f e ) .  

0 
2 

Under t h e  normal l a w  o f  p r o b a b i l i t i e s ,  t h e  p r o b a b l e  damage t o  a n  

e l e m e n t  d u r i n g  time T w i l l  b e  
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T T 

(2.2 j 

I n  t h e  case o f  a s m a l l  d i s p e r s i o n  o f  t h e  p e r i o d s  o f  e f f i c i e n t  opera-  

t i o n  o f  every e l e m e n t  i n  t h e  sys tem o r  a h i g h  d e g r e e  o f  s i m i l a r i t y  o f  

t h e  e l e m e n t s  ( i n  p o i n t  o f  t h e i r  s e r v i c e  l i f e ) ,  which i s  t h e  same, t h e  

p r o b a b i l i t y  o f  damage t o  a n  element  i n  t h e  sys tem d u r i n g  time T can b e  

a p F r o x i m a t e l y  expressed by t h e  f o l l o w i n g  i n t e g r a l  
T ( 2 . 3 )  

as i n  s u c h  cases 

Thus i n  t h e  case o f  r e l a t i v e l y  s m a l l  d i s p e r s i o n s  both f o r m u l a s  (2.2) 

and (2.31, p r o v i d e  a p p r o x i m a t e l y  t h e  same v a l u e  o f  t h e  p r o b a b l e  damage t o  

s y s t e m s  p (T) .  But i n  t h e  c a s e  of larger  d i s p e r s i o n s ,  t h e  mentioned f o r -  

rr,ulas c a n n o t  b e  u s e d ,  as i n  s u c h  c a s e s  t h e  law o f  i j i G 5 a b i l i t i e S  g o v e r n i n g  

t h e  d i s t r i b u t i o n  o f  t h e  p e r i o d s  of t h e  e l e m e n t ' s  e f f i c i e n t  o p e r a t i o n  is 

d i f f e r e n t  from t h e  normal  l a w .  

L e t  u s  assume t h a t  t h e  system c o n s i s t s  o f  n similar e l emen t s .  From 

f o r m u l a s  (1.5) and (2.2) we w i l l  f i n d  t h e  f o l l o w i n g  p r o b a b i l i t y  o f  damage 

t o  t h e  sys tem d u r i n g  time T 

AS 

w e  will have 

Here @(x) is  t h e  d i s t r i b u t i o n  f u n c t i o n  known i n  t h e  t h e o r y  o f  proba-  

b i l i t i e s ,  a n d  x is known a c c o r d i n g  t o  (2.4). 

5 



On t h e  b a s i s  o f  ( 2 . 5 )  a n d  t h e  known t ab le6  of t n e  @(XI f u n c t i o n  we 

s h a l l  c i t e ,  f o r  t h e  sake of convenience,  t h e  n u m e r i c a l  r e l a t i o n  between 

y/n and x=(To-TT) / z  : 

2.5 3.0 3.2 3.4 

3.8 4 .o 4.5 5.0 

z = 2.0 
y i n  - 2 . ? h ~ l O - ~  6.2x:O-3 1.33~10-a 6.9x10-4 3.4x10-, 

2 =  ?.6 
?!in= 1.6> 7.2X10" ,3.2x10-5 3x10-6 3x10' - - 

Assuming t h a t  we know t h e  a v e r a g e  s e r v i c e  l i f e  of  t h e  element  To, 

t h e  a v e r a g e  v a l u e  of t he  s q u a r e  of t h e  d e v i a t i o n  o f  t h e  e l e m e n t ' s  s e r v -  

i c e  l i f e  from i t s  average s e r v i c e  l i f e  ( t h a t  is,  6') and t h e  n number 

O f  e l e m e n t s  of t h e  sys t em,  formula  (2 .5 )  w i l l  make i t  p o s s i b l e  t o  cal-  

c u l a t e  t h e  damage p r o b a b i l i t y  y of t h e  e n t i r e  sys tem d u r i n g  time T. Seek-  

i n g  t o  e s t a b l i s h  t h e  a d m i s s i b l e  damage p r o b a b i l i t y  y o f  t h e  system a s  a 

whole and known t h e  number o f  e lements  n o f  t h e  s y s t e m  a6 w e l l  as t h e  

p a r a m e t e r s  To and 6 c h a r a c t e r i z i n g  each e l e m e n t ,  i t  i s  a l s o  p o s s i b l e  t o  

e s t a b l i s h  t h e  time of t h e  s y s t e m ' s  normal o p e r a t i o n  by t h e  f o l l o w i n g  for- 

m u l  a 

T = T,, - xz (2.6) 

which follows from t h e  r e l a t i o n  (2.4). 

We s h a l l  c i t e  s e v e r a l  examples t o  i l l u s t r a t e  t h e  found q u a n t i t a t i v e  

r e l a t i o n s  

L e t  t h e  a v e r a g e  s e r v i c e  p e r i o d  o f  a n  e lement  of t h e  sys tem b e  To = 

10,000 h o u r s ,  and t h e  a v e r a g e  square o f  t h e  d e v i a t i o n  from t h e  s e r v i c e  

p e r i o d  6 =  1,000 hours .  The p r o b a b i l i t y  o f  damage t o  a n  e l e m e n t  of t h e  

s y s t e m  d u r i n g  To - 6 = 9,000 hour s ,  a c c o r d i n g  t o  (2.51, w i l l  b e  
?i 1 
n 2  (2.7) p' --= -- 0 (1) = 0.16 

The p r o b a b i l i t y  o f  a n  element of t h e  sys tem h a v i n g  a s e r v i c e  l i f e  

from To + 6 = 11,000 hours and more, i n  view of t h e  symmetry o f  t h e  

p r o b a b i l i t y  d i s t r i b u t i o n  c u r v e ,  w i l l  also b e  e q u a l  t o  0.16. Consequent ly ,  

6 



t h e  p r o b a b i l i t y  o f  t h e  s e r v i c e  l i f e  o f  an e l emen t  of  t h e  s y s t e m  b e i n g  be- 

t&een  T 

- 2 x 0.16 = G.68. 

n = 100 and t h e  a d m i s s i b l e  p r o b a b i l i t y  o f  i t s  damage y = 0.01, w e  w i l l  

g e t  y/n = 10 . 
and x: 

- 6 and To + 6 + t n a t  is between 9,000 a n d  11,000 hours, is  l 
0 

Assuming t h a t  t h e  number o f  e l e m e n t s  i n  t h e  sys tem is  

-4 Using t h e  above c i t e d  numer i ca l  r e l a t i o n s h i p  between y/n 

To-- T z = - z 3.7 
0 

and a c c o r d i n g  t o  (2.61, t h e  p e r i o d  o f  t h e  normal o p e r a t i o n  o f  t h e  sys t em 

w i l l  b e  

T = T ,  - x6 = IO 000 - 3.7 x IO00 = 63CO hours. 

The  u t i l i z a t i o n  f a c t o r  o f  the s y s t e m ' s  e l e m e n t ,  t h a t  is,  t h e  r a t i o  

between t h e  p e r i o d  o f  i t s  o p e r a t i o n  and  i t swerage  s e r v i c e  l i f e ,  w i l l  b e  
6.300 q=-- 

10 000 -0.63 

L e t  us assume now t h a t  6 = 500 h o u r s  w h i l e  To, y and n r e t a i n  t h e i r  

p r e v i o u s  v a l u e s .  The p e r i o d  o f  t h e  s y s t e m ' s  normal o p e r a t i o n  w i l l  then b e  

~ - ~ ~ , = 1 o 0 0 0 - 3 . 7 ~ ~ 0 0 = ~ i 5 0  hours, 

and t h e  u t i l i z a t i o n  f a c t o r  o f  t h e  s y s t e m ' s  e lement  is 

A t  v e r y  s m a l l  6 v a l u e s ,  a c c o r d i n g  t o  ( 2 . 6 ) +  t h e  t ime o f  t h e  s y s t e m ' s  

normal o p e r a t i o n  w i l l  b e  c l o s e  t o  To, and  t h e  u t i l i z a t i o n  f a c t o r  o f  each  

e l emen t  w i l l  b e  c l o s e  t o  1. 

I t  f o l l o w s  from t h e  above -c i t ed  numer i ca l  examples  t h a t  a r e d u c t i o n  

of t h e  h e t e r o g e n e i t y  f a c t o r  6 / T o  of each  e lement  o f  t h e  sys tem i n  p o i n t  

o f  s e r v i c e  l i f e  from 0.1 t o  0 i n c r e a s e s  t h e  u t i l i z a t i o n  f a c t o r  o f  t h e  

e l e m e n t  from 0.63 t o  1, t h a t  is r e l a t i v e l y  l i t t l e .  T h i s  j u s t i f i e s  t h e  

c o n c l u s i o n  that i t  i s  not expedient  t o  have  e a c h  e l emen t  of t h e  system 
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meet more r i g i d  r e q u i r e m e n t s  i n  p o i n t  of s i m i l a r i t y  o f  s e r v i c e  l i f e  t han  

t h o s e  c o r r e s p o n d i n g  t o  t h e  h e t e r o g e n e i t y  f a c t o r  &/To = 0.1. 

With  6/To = 0.2, t h a t  is 6= 2,000 h o u r s  (To = 10,000 h o u r s ) ,  w e  

w i l l  g e t  
2600 

7 - - = 0.26 ' - 10 000 T = 10 000 - 3.7% 2000 = X @ O  hours; 

It  can e a s i l y  be s e e n  t h a t  a n  increase of  t h e  h e t e r o g e n e i t y  f a c t o r  

6 / T o ,  b e g i n n i n g  w i t h  b / T o  = 0.2, is  accompanied by a s h a r p  r e d u c t i o n  o f  

t h e  u t i l i z a t i o n  f a c t o r  of t h e  s y s t e m ' s  e lement .  Hence t h e  c o n c l u s i o n  t h a t  

t h e  h e t e r o g e n e i t y  f a c t o r  &/To o f  each  element  o f  t h e  sys tem s h o u l d  n o t  

exceed  0/2 i n  p o i n t  o f  s e r v i c e  l i f e .  

To f i n d  o u t  t o  what e x t e n t  t h e  p e r i o d  o f  t h e  s y s t e m ' s  o p e r a t i o n  w i t h -  

o u t  damage w i l l  b e  r e d u c e d  by a s s i g n i n g  more r i g i d  r e q u i r e m e n t s  t o  i t s  

damage p r o b a b i l i t y ,  w e  s h a l l  assume t h a t  y = 0.001. R e t a i n i n g  t h e  p r e -  

v i o u s  a s sumpt ion  t h a t  n = 100, w e  w i l l  ge t  y/n = 

a b o v e - c i t e d  n u m e r i c a l  r e l a t i o n s h i p ,  w e  w i i i  f i r id  t h a t  x = 4.3,  

o p e r a t i o n  p e r i o d  o f  t h e  s y s t m  (wi th  To = 10,000 hours  and 6, 1,000 

h o u r s )  is 

Making u s e  o f  t h e  

The 9 n n n a l  

T = To - 24 = 10 000 - 4 . 3  x 1000 = 5700 burs, 

and  t h e  u t i l i z a t i o n  f a c t o r  o f  one  e l emen t  o f  t h e  sys tem i s  

Comparing t h e s e  r e s u l t s  w i th  t h e  p r e v i o u s  ones ,  w e  can s e e  t h a t  a 

r e d u c t i o n  o f  t h e  damage p r o b a b i l i t y  o f  t h e  sys t em from 0.01 t o  0.001, 

t h a t  i s  a t e n f o l d  r e d u c t i o n ,  r e d u c e s  t h e  u t i l i z a t i o n  f a c t o r  o f  t h e  s y s -  

t e m ' s  e lement  f rom 0.63 t o  0.57, which i s  q u i t e  i n s i g n i f i c a n t .  Hence i t  

would be  p r a c t i c a l  t o  a s s i g n  very  r i g i d  r e q u i r e m e n t s  t o  t h e  damage prob-  

a b i l i t y  o f  t h e  sys t em,  as  this would i n s u r e  a h i g h  d e g r e e  o f  i t s  opera-  

t i o n a l  r e l i a b i l i t y  and a r e l a t i v e l y  l i t t l e  d e t e r i o r a t i o n  o f  t h e  u t i l i z a -  

t i o n  o f  i t s  e l e m e n t s  ( t h e  t u b e s ,  for example) .  
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3. An a n a l y s i s  o f  v a r i o u s  methods o f  r e p l a c i n g  t h e  s y s t e m ' s  e le-  

ments. 

c a s e  when t h e  e l e m e n t s ,  such  as t u b e s ,  a re  r e p l a c e d  s i m u l t a n e o u s l y  i n  

t h e  e n t i r e  system. 

The numer ica l  r a t i o s  found i n  t h e  p r e v i o u s  s e c t i o n  a p p l y  t o  t h e  

By t h i s  method, a l l  t h e  e l e m e n t s  o f  t h e  system a r e  

r e p l a c e d  a t  i n t e r v a l s  of T = Q To, where To r e p r e s e n t s  t h e  a v e r a g e  serv-  

i c e  l i f e  of a n  e lement ,  a n d  4 i ts  u t i l i z a t i o n  f a c t o r ,  

T h e r e  are  a l s o  o t h e r  methods o f  r e p l a c i n g  t h e  e l emen t s .  One o f  

them i s  t o  r e p l a c e  them i n  groups.  By t h i s  method a l l  t h e  e l e m e n t s  o f  

t h e  sys tem are  d i v i d e d  i n t o  k groups .  The e l e m e n t s  w i t h i n  e a c h  group 

a re  r e p l a c e d  s i m u l t a n e o u s l y  b u t  e a c h  group is r e p l a c e d  a t  a d i f f e r e n t  

time. F o r  example, if a l l  t h e  e l e m e n t s  o f  t h e  system were d i v i d e d  i n t o  

two i d e n t i c a l  g roups ,  t h e i r  replacement  i n  t h e  f i r s t  g roup  would take 

p l a c e  a t  t = 0, t = T ,  t = 2T, e t c . ,  and i n  t h e  s e c o n d  group a t  t = $T, 

t = 3/2T, t = 5/2T, etc .  

rnL  ILL^ - qiiestior: z z t l z z l l y  ar i ses  as t o  which element-replacement  

method is  b e t t e r ,  t h e  one t h a t  c a l l s  f o r  a d i v i s i o n  i n t o  groups  or t h e  

o t h e r ?  I n  o t h e r  words,  which o f  t h e  mentioned methods w i l l  p r o v i d e  f o r  

a f u l l e r  u t i l i z a t i o n  of t h e  s y s t e m ' s  e lements  ( e s p e c i a l l y  t h e  t u b e s ) ?  

To answer  t h e s e  q u e s t i o n s ,  w e  must f i n d  t h e  damage p r o b a b i l i t y  o f  t h e  

e n t i r e  s y s t e m  u n d e r  t h e  group-replacement method. 

The diagram i n  F i g .  3 i l l u s t r a t e s  t h e  rep lacement  o f  t h e  e l e m e n t s  

o f  t h e  system by d i v i d i n g  i t  i n t o  k number o f  s imi l a r  groups  each  o f  which 

c o n t a i n s  n/k elements .  The e lements  i n  any group a re  r e p l a c e d  a t  i n t e r -  

vals o f  T = To, b u t  t h e  rep lacement  t ime o f  t h e  e l e m e n t s  i n  t h e  
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n e i g h b o r i n g  groups  (by  t h e i r  number) i s  s h i f t e d  by T/k. I n  t h e  f irst  

group t h e  e l e m e n t s  are r e p l a c e d  at t = 0, i n  t h e  s e c o n d  a t  t = T/k, i n  

t h e  t h i r d  at t = 2T/k a n d  i n  t h e  k group a t  t = (k - 1 ) T / k .  

The p r o b a b i l i t y  y1 of  damage t o  t h e  first g r o u p  i n  t h e  p e r i o d  of  

time between t = 0 and t = T ,  a c c o r d i n g  t o  (1.21, w i l l  b e  

= 1 - [ I -  p ( T ) ]  n ( k  

where p (T)  is t h e  p r o b a b i l i t y  of damage t o  one e l e m e n t  d u r i n g  t i m e  T. 

The p r o b a b i l i t y  z o f  normal o p e r a t i o n  o f  t h e  first group i n  t h e  1 

p e r i o d  between t = 0 and t = T w i l l  be 

(3.1) = 1 - - -  y1 = [ l -  p ( T ) ] n ’ k  

The f o l l o w i n g  two c o n d i t i o n s  must b e  o b s e r v e d  i f  t h e  s e c o n d  group 

i s  t o  work normally i n  t h e  p e r i o d  between t = 0 a n d  t = T: 1) the  

normal o p e r a t i o n  of  t h i s  group i n  t h e  p e r i o d  between t = 0 and t = T/k; 

2) i t s  normal  work i n  t h e  p e r i o d  between t = T/k and t = T. The observ-  

a n c e  o f  t h e  f i rs t  c o n d i t i o n ,  i n  turn, r e q u i r e s  the i i t l r~a l  e p e r s t i o n  c?f 

t h e  s e c o n d  group from t h e  t ime o f  t h e  p r e v i o u s  rep lacement  o f  i t s  e l e -  

ments ,  t h a t  is  from t = (T/k) - T t o  t = 0, a n d  from t = 0 t o  t = T/k. 

I n  o t h e r  words ,  t h e  o b s e r v a n c e  of t he  f i r s t  c o n d i t i o n  c a l l s  for t h e  nor -  

mal o p e r a t i o n  o f  t h e  s e c o n d  g r o u p  i n  t h e  p e r i o d  o f  time between (T/k)  - 
T and T/k o f  d u r a t i o n  T. The p r o b a b i l i t y  z.! o f  o b s e r v i n g  t h e  f irst  con- 

d i t i o n  w i l l  b e  

c 

and t h e  p r o b a b i l i t y  o f  o b s e r v i n g  t h e  s e c o n d  c o n d i t i o n  

i s  t h e  p r o b a b i l i t y  o f  damage to one o f  t h e  e l e m e n t s  du r ing  T - (T/k). 



According t o  t h e  m u l t i p l i c a t i o n  t h e o r y ,  t h e  p r o b a b i l i t y  zi o f  normal 

o p e r a t i o n  o f  t h e  second group i n  t h e  p e r i o d  between t = 0 and t = T w i l l  

b e  

(3 .4)  

S i m i l a r  t o  t h e  p r o b a b i l i t y  z 3 ,  z4, ..., zk of  t h e  normal o p e r a t i o n  

o f  t h e  3 r d ,  hth, . . .  k groups, r e s p e c t i v e l y ,  i n  t h e  p e r i o d  of t i m e  be- 

tween t = 0 and t = T w i l l  b e  
71 ! x. 

Z 3 = / I - p ( T ) ] n I I ~  (3 .5)  

. . . . . . . . . . . . . . . . . . . . . . . .  

According  t o  t h e  m u l t i p l i c a t i o n  t h e o r y ,  t h e  p r o b a b i l i t y  z of t h e  

normal o p e r a t i o n  of all t h e  k groups, t h a t  i s  of  t h e  e n t i r e  s y s t e m ,  be- 

tween t = 0 and t = T w i l l  be z 

t h e  e x p r e s s i o n  for zl, Z - , . . .  

z o r ,  by s u b s t i t u t i n g  h e r e  = =1* =2-9 k’ 

we w i l l  f i n d  ‘k ’ L 

The damage p r o b a b i l i t y  y o f  t h e  e n t i r e  sys tem i n  t h e  p e r i o d  between 

t = 0 a n d  t = T w i l l  b e  

(3.71 

When t h e  damage p r o b a b i l i t y  p o f  e a c h  element  o f  t h e  sys tem i n  v a r i -  

ous p e r i o d s  of t i m e  i s  known, t h i s  f o r m u l a  makes i t  p o s s i b l e  t o  d e t e r m i n e  

t h e  damage p r o b a b i l i t y  y o f  t h e  e n t i r e  system d u r i n g  t ime T o c c a s i o n e d  by 

t h e  r e p l a c e n e n t s  of i t s  e l e m e n t s  k i n  s imi l a r  groups .  

Expanding t h 6  r i g h t  p a r t  of formula  ( 3 . 7 )  i n t o  a s e r i e s  by p degrees, 

d i s c a r d i n g  t h e  low magni tudes  of h i g h  o r d e r s  a n d  c o n s i d e r i n g  t h e  p r o b a b i l -  

i t i e s  p a s  low magni tudes  of  a high o r d e r ,  we w i l l  g e t  
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k-1 

( 3 . 8 )  

Comparing t h i s  f o r m u l a  wi th  (1.51, we can  s e e  t h a t ,  a l l  o t h e r  con- 

d i t i o n s  b e i n g  e q u a l ,  t h e  p r o b a b i l i t y  o f  damage t o  t h e  system when its 

e lements  are  r e p l a c e d  i n  g r o u p s  is  g r e a t e r  t h a n  t h e  p r o b a b i l i t y  o f  dam- 

age t o  t h e  same system when i t s  e lemen t s  are r e p l a c e d  w i t h o u t  be ing  d i v i d -  

ed i n t o  groups.  

As p r o b a b i l i t y  p i s  an i n c r e a s i n g  f u n c t i o n  o f  i t s  argument ,  

a t  any i v a l u e  from i = 1 t o  i = k - 1. 
T a k i n g  t h i s  i n e q u a l i t y  i n t o  c o n s i d e r a t i o n ,  t h e  r e l a t i o n s h i p  (3.8) can 

b e  r e w r i t t e n  as follows 

o r ,  

t h e  

i n  g 

?, < np ( T )  4- -+ (k - 1) P (TI 

s i n c e  + (k - 1) (2') < 7 i p  ( T )  , as fo l lows  

y < 2np  (7.) (3.10) 

Comparing t h i s  formula  w i t h  (1.51, we may c o n c l u d e  t h a t  a change from 

s i m u l t a n e o u s  rep lacement  o f  t h e  e l e m e n t s  i n  t h e  e n t i r e  system t o  chang- 

them by  groups  i n c r e a s e s  t h e  damage p r o b a b i l i t y  o f  t h e  sys tem by l e s s  

t han  100% r e g a r d l e s s  o f  t h e  number of groups.  

I t  s h o u l d  b e  p o i n t e d  o u t  t h a t  t h i s  c o n c l u s i o n  i s  v a l i d  on ly  f o r  t h e  

p r o b a b i l i t y  of damage i n  t h e  p e r i o d  of t i m e  between 0 and T. G e n e r a l l y  

s p e a k i n g ,  t h e  p r o b a b i l i t i e s  o f  damage d u r i n g  t h e  same p e r i o d  of time depend 

on t h e  i n i t i a l  and  f i n a l  moments of  t h a t  p e r i o d .  Eut t h e  d i f f e r e n c e  i n  

t h e  p r o b a b i l i t i e s  connec ted  w i t h  t h e  s i m u l t a n e o u s  rep lacement  o f  t h e  e l e -  

ments  a n d  t h e i r  rep lacement  by groups a t  any i n i t i a l  moments o f  time i s  

o f  l i t t l e  p r a c t i c a l  s i g n i f i c a n c e .  B e a r i n g  i n  mind t h e  p r a c t i c a l  c o t v e n i -  

e n c e  o f  t h e  group method, i t  may be  assumed t h a t  i t s  u t i l i z a t i o n  would b e  
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e x p e d i e n t  i n  many c a s e s .  

I n  t h e  above-d iscussed  element-replacement  methods,  t h e  d u r a t i o n  T 

of t h e  work o f  e a c h  element  c o n s t i t u t e s  a c e r t a i n  p a r t  o f  i t s  a v e r a g e  

s e r v i c e  l i f e  To, t h a t  is e a c h  element  i s  used  o n l y  p a r t i a l l y .  

t o  what e x t e n t  t h e  p r o b a b i l i t y  of damage t o  t h e  sys tem would i n c r e a s e  i f  

e a c h  o f  i t s  e l e m e n t s  were f u l l y  u t i l i z e d .  I n  t h i s  c a s e ,  a f t e r  a f a i r l y  

l o n g  p e r i o d  o f  time f o l l o w i n g  t h e  s i m u l t a n e o u s  rep lacement  o f  a l l  t h e  e le -  

ments i n  t h e  sys tem a n d  a f t e r  t h e  rep lacement  o f  a l a r g e  number o f  damaged 

e l e m e n t s  a t  d i f f e r e n t  p e r i o d s  o f  t i m e ,  any element  o f  t h e  sys tem may be  

damaged a t  any moment of  time (between t = 0 and t = T) w i t h  e q u a l  proba- 

b i l i t y .  I n  o t h e r  words,  i f  t h e  moment o f  damage t o  any e lement  o f  t h e  

sys tem were d e s i g n a t e d  by a p o i n t  on segment OT o f  time a x i s  which is T 

l o n g ,  t h a t  p o i n t  might  f a l l  i n  any p l a c e  of t h e  mentioned segment w i t h  

e q u a l  p r o b a b i l i t y .  

L e t  u s  see 

m ~ -  1 1 ~ ~  - - C L . l - - n C i  mat,aasuacIuu-  e m 1  oynectation - - - ~ - -  A o f  t h e  number o f  damaged e l e m e n t s  

d u r i n g  t i m e  T w i l l  b e  
T 

(3.11 1 h = n -  
TO 

where n r e p r e s e n t s  t h e  t o t a l  number o f  e l e m e n t s  i n  t h e  sys tem,  and  To 

t h e  m a t h e m a t i c a l  e x p e c t a t i o n  o f  t h e  l e n g t h  o f  s e r v i c e  o f  e a c h  element .  

I n  case A<< 1, t h e  p r o b a b i l i t y  o f  damage t o  t h e  system d u r i n g  t ime 

T ,  t h a t  is t h e  p r o b a b i l i t y  d f  a t  l e a s t  o n e  e lement  o f  t h e  system b e i n g  

damaged d u r i n g  t ime T ,  w i l l  b e  approximate ly  e q u a l  t o  t h e  mathemat ica l  

e x p e c t a t i o n  A .  Le can  t h e r e f o r e  write 
T 
TO or  T = Y !  n (3 .12)  y = n -  

Knowing t h e  number o f  e l e m e n t s  n a n d  t h e  a v e r a g e  s e r v i c e  l i f e  T o f  0 

e a c h  e l e m e n t ,  a n d  s e e k i n g  t o  e s t a b l i s h  t h e  a d m i s s i b l e  p r o b a b i l i t y  v a l u e  

y of t h e  damage t o  t h e  s y s t e m ,  t h i s  r e l a t i o n s h i p  e n a b l e s  u s  t o  compute 
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t h e  d u r a t i o n  o f  t h e  s y s t e m ' s  normal  o p e r a t i o n .  Assuming t h a t  n = 100, 

y = 0.01 a n d  To = 10,000 h o u r s ,  w e  w i l l  f i n d  t h a t  T = 1 hour.  

shown ea r l i e r  ( s e e  2 )  t h a t  w i t h  t h e  same p r o b a b i l i t y  o f  damage t o  t h e  s y s -  

I t  was 

tem, t h e  s a e  number o f  e l e m e n t s  and t h e  same a v e r a g e  s e r v i c e  l i f e  o f  each 

e l e m e n t ,  d u r a t i o n  T of  t h e  s y s t e m ' s  o p e r a t i o n  amounted t o  6,300 hours .  

From this i t  f o l l o w s  t h a t ,  o t h e r  c o n d i t i o n s  b e i n g  e q u a l ,  t h e  change from 

a p a r t i a l  t o  a f u l l  u t i l i z a t i o n  o f  e a c h  e lement  r e d u c e s  t h e  d u r a t i o n  o f  

t h e  s y s t e m ' s  o p e r a t i o n  t o  a v e r y  c o n s i d e r a b l e  e x t e n t .  I n  t h e  above-dis-  

c u s s e d  example,  t h e  change o f  t h e  u t i l i z a t i o n  f a c t o r  o f  each  element  

from 0.63 t o  1 r e d u c e s  t h e  d u r a t i o n  o f  t h e  normal o p e r a t i o n  o f  t h e  sys tem 

w i t h  a p r e s e l e c t e d  damage p r o b a b i l i t y  o f  0.01 6,300 times. 

I t  i s  c l e a r  from t h e  above d i s c u s s i o n  t h a t  i n  s y s t e m s  c o n t a i n i n g  a 

l a rge  number o f  e l e m e n t s ,  t h e  f u l l  u t i l i z a t i o n  o f  e a c h  e lement  ( i n  p o i n t  

o f  s e r v i c e  l i f e )  is  i m p r a c t i c a l  a s  i t  w i l l  r e d u c e  t h e  d u r a t i o n  o f  t h e  s y s -  

t e m ' ~  nnrmil  o p e r a t i o n  t o  a v e r y  c o n s i d e r a b l e  e x t e n t .  This c o n c l u s i o n  is ,  

o f  c o u r s e ,  v a l i d  o n l y  i n  c a s e s  when t h e  damage t o  a t  l e a s t  o n e  e lement  o f  

t h e  s y s t e m  d i s r u p t s  i t s  normal o p e r a t i o n .  

4. Some methods o f  desip;ninR sys tems w i t h  a n  a u t o m a t i c  rep lacement  

o f  t h e  e l e m e n t s .  One of  t h e  methods f a c i l i t a t i n g  the f u l l  u t i l i z a t i o n  of 

each  e l e m e n t  o f  t h e  s y s t e m ,  as  w e l l  as a small damage p r o b a b i l i t y  o v e r  a 

l o n g  p e r i o d  o f  t i m e ,  i s  t h e  method o f  t h e  a u t o m a t i c  r e p l a c e m e n t  o f  t h e  

3 h $  ................................... Fig .  4 
L e i e m e n  t s 
2) n elements 
3)  1st series 
4) 2nd series 
5) m series 
6) reserve series 
7) group 
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Fig .  4 shows a block-diagram of  a sys tem w i t h  a u t o m a t i c  s tand-by  

p r o v i s i o n s  c o n s i s t i n g  o f  n groups  w i t h  m e l e m e n t s  i n  e a c h  group. Each 

group a l s o  h a s  one  r e s e r v e  e lement .  I f  any element  i n  a p a r t i c u l a r  group 

i s  damaged, i t  i s  a u t o m a t i c a l l y  d i s c o n n e c t e d  and t h e  r e s e r v e  e lement  o f  

t h e  same group is connected  i n  i t s  p l a c e .  The time r e q u i r e d  for  t h e  au to-  

m a t i c  rep lacement  o f  t h e  damaged element  by t h e  r e s e r v e  e l e m e n t  c a n  b e  

v e r y  s h o r t .  Such a n  a u t o m a t i c  rep lacement  p r a c t i c a l l y  does n o t  a f f e c t  

t h e  o p e r a t i o n  o f  t h e  sys tem.  The nex t  s t e p  i s  t o  r e p a i r  t h e  damaged ele-  

ment ( t h e  rep lacement  o f  t u b e s ,  f o r  example) and connec t  i t  i n  t h e  sys tem 

i n  p l a c e  of  t h e  r e s e r v e  e lement  which, i n  t u r n ,  i s  a u t o m a t i c a l l y  connec ted  

a g a i n  i n  c a s e  of  damage t o  a n y  o t h e r  e l e m e n t  o f  t h i s  group.  

D e s i g n a t i n g  by T t h e  t ime between t h e  damage o f  a n y  e l e m e n t  o f  t h e  
P 

sys tem and  t h e  r e c o n n e c t i o n  o f  t h e  r e p a i r e d  e l e m e n t ,  we can  wr i t e  t h e  f o l -  

l o w i n g  f o r m u l a  i n  a c c o r d a n c e  w i t h  (3.12) 
TP y p  = m- 
To 

where  Y i s  t h e  p r o b a b i l i t y  t h a t  a t  l e a s t  one o f  t h e  m e l e m e n t s  o f  t h i s  

group w i l l  go o u t  o f  commission d u r i n g  t h e  r e p a i r  p e r i o d  T , t h a t  i s  t h e  

F r o b a b i l i t y  o f  t h e  normal o p e r a t i o n  o f  t h e  system b e i n g  d i s r u p t e d .  

P 

P 

Knowing t h e  rn number of e l e m e n t s  i n  t h e  g roup ,  t h e  a v e r a g e  s e r v i c e  

l i f e  o f  each  e l e m e n t ,  s e e k i n g  t o  e s t a b l i s h  t h e  a d m i s s i b l e  p r o b a b i l i t y  Y 

o f  t h e  normal  o p e r a t i o n  o f  t h e  sys tem b e i n g  d i s r u p t e d  a n d  making u s e  o f  

f o r m u l a  (4 .1 ) ,  i t  i s  p o s s i b l e  t o  c a l c u l a t e  t h e  a d m i s s i b l e  d u r a t i o n  T of  

r e p a i r  t o  t h e  damaged e lement .  

10,000 h o u r s  and  Y = 0.01, we will get  T = 20 h o u r s .  

P 

P 
For example, assuming t h a t  m = 5 ,  To = 

F P 

S u b m i t t e d  on 1 7  May 1954. 
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